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Abstract: Let G = (V, £) beagraph. A subset S$ of V is called a Smarandachely antidegree 
equitable k-set for any integer k, 0 < k < A(G), if |deg(u) — deg(v)| # k, for all u,v € S. 
A Smarandachely antidegree equitable 1-set is usually called an antidegree equitable set. 
The antidegree equitable number AD.(G), the lower antidegree equitable number ad.(G), 
the independent antidegree equitablenumber ADie(G) and lower independent antidegree 
equitable number adie(G) are defined as follows: 

AD.(G) = max{|S|: S is a maximal antidegree equitable set in G}, 

ade(G) = min{|S|: S is a maximal antidegree equitable set in G}, 

ADie(G) = max{|S|: S is a maximal independent and antidegree equitable set in G}, 


adie(G) = min{|S|: S is a maximal independent and antidegree equitable set in G}. 
In this paper, we study these four parameters on Smarandachely antidegree equitable 1-sets. 
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§1. Introduction 


By a graph G = (V,£) we mean a finite, undirected graph with neither loops nor multiple 
edges. The number of vertices in a graph G is called the order of G and number of edges in 
G is called the size of G. For standard definitions and terminologies on graphs we refer to the 
books [2] and [3]. 

In this paper we introduce four graph theoretic parameters which just depend on the basic 
concept of vertex degrees. We need the following definitions and theorems, which can be found 
in [2] or [3]. 


Definition 1.1 A graph G is isomorphic to a graph Go, if there exists a bijection o from 
V(G,) to V(G2) such that uv € E(G)) if, and only if, d(u)d(v) € E(G2). 


If G, is isomorphic to G2, we write G,; = G2 or sometimes G1 = Go. 
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Definition 1.2 The degree of a vertex v in a graph G is the number of edges of G incident 
with v and is denoted by deg(v) or degg(v). 


The minimum and maximum degrees of G are denoted by 6(G) and A(G) respectively. 


Theorem 1.3 In any graph G, the number of odd vertices is even. 
Theorem 1.4 The sum of the degrees of vertices of a graph G is twice the number of edges. 


Definition 1.5 The corona of two graphs G; and G2 is defined to be the graph G = G, 0 G2 
formed from one copy of Gy and |V(G4)| copies of Gz where the i” vertex of Gy is adjacent to 
every vertex in the i*” copy of Go. 


Theorem 1.6 Let G be a simple graph 1.e, a undirected graph without loops and multiple edges, 


with n > 2. Then G has atleast two vertices of the same degree. 
Definition 1.7 Any connected graph G having a unique cycle is called a unicyclic graph. 


Definition 1.8 A graph is called a caterpillar if the deletion of all its pendent vertices produces 
a path graph. 


Definition 1.9 A subset S of the vertex set V in a graph G is said to be independent if no two 


vertices in S' are adjacent in G. 


The maximum number of vertices in an independent set of G is called the independence 
number and is denoted by (o(G). 


Theorem 1.10 Let G be a graph and S CV. S is an independent set of G if, and only if, 
V —S is a covering of G. 


Definition 1.11 A clique of a graph is a maximal complete subgraph. 
Definition 1.12 A clique is said to be maximal if no super set of it is a clique. 


Definition 1.13 The vertex degrees of a graph G arranged in non-increasing order is called 
degree sequence of the graph G. 


Definition 1.14 For any graph G, the set D(G) of all distinct degrees of the vertices of G is 
called the degree set of G. 


Definition 1.15 A sequence of non-negative integers is said to be graphical if it is the degree 


sequence of some simple graph. 

Theorem 1.16([1]) Let G be any graph. The number of edges in G% the degree equitable graph 
A-1 A 

> Gy = ye ey 

a i=5+41 2 


where, S; ={v|v € V, deg(v) =i or i+1} and S;' = {v|v € V, deg(v) = i}. 


of G, is given by 
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Theorem 1.17 The mazimum number of edges in G with radius r > 3 is given by 


n? — 4nr + 5n+ 4r? — 6r 


Definition 1.18 A vertex cover in a graph G is such a set of vertices that covers all edges of 
G. The minimum number of vertices in a vertex cover of G is the vertex covering number a(G) 


of G. 


Recently A. Anitha, S. Arumugam and E. Sampathkumar [1] have introduced degree eq- 
uitable sets in a graph and studied them. “The characterization of degree equitable graphs” 
is still an open problem. In this paper we give some necessary conditions for a graph to be 
degree equitable. For this purpose, we introduce another concept “Antidegree equitable sets” 


in a graph and we study them. 


§2. Antidegree Equitable Sets 
Definition 2.1 Let G = (V,E) be a graph. A non-empty subset S of V is called an antidegree 
equitable set if |\deg(u) — deg(v)| 4.1 for allu,v eS. 


Definition 2.2 An antidegree equitable set is called a maximal antidegree equitable set if for 


every v€ V —S, there exists at least one element u € S such that |\deg(u) — deg(v)| = 1. 


Definition 2.3 The antidegree equitable number AD.(G) of a graph G is defined as AD.(G) = 


maz{|S|:S is a maximal antidegree equitable set}. 


Definition 2.4 The lower antidegree equitable number ad-(G) of a graph G is defined as 


ad.(G) = min{|S|:S is a maximal antidegree equitable set}. 
A few AD.(G) and ad.(G) of some graphs are listed in the following: 


(i) For the complete bipartite graph Kinn, we have 


+ if |m —n| £1, 
AD.(K,)-f tn lm=al 4 
max{m,n} if |m—n| =1 
and 
m+n if |m—n| #1, 
ade(Kmn) = | |# 


mintm,n} if |m—n| =1. 


(ii) For the wheel W,, on n-vertices, we have 
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and 
n ifn#5, 
1 ifn=5. 


ade(W,) = 


(iit) For the complete graph K,, we have AD.(K,) = ade(Kn) =n-—- 1. 


Now we study some important basic properties of antidegree equitable sets and independent 
antidegree equitable sets in a graph. 


Theorem 2.5 Let G be a simple graph on n-vertices. Then 


i) 1l<ad-(G) < AD.(G) <n; 
it) AD.(G) =1 if, and only if, G= ky; 
iit) ade(G) = ad.(G), AD.(G) = AD.(G). 
iv) ad-(G) = 1 if, and only if, there exists a verter u € V(G) such that |deg(u)—deg(v)| = 
1 for allvu € V — {u}; 

(v) If G is a non-trivial connected graph and ad.(G) = 1, then AD.(G) =n—-1 andn 
must be odd. 


~~ ~~ a 


Proof (i) follows from the definition. 


(ii) Suppose AD. (G) = 1 and G 4 Kk. Then G is a non-trivial graph and from Theorem 
1.6 there exists at least two vertices of same degree and they form an antidegree equitable set 
in G. So AD.(G) > 2 which is a contradiction. The converse is obvious. 


(iii) Since degg(u) = (n — 1) — degg(u), it follows that an antidegree equitable set in G is 
also an antidegree equitable set in G. 


(iv) If ad.(G) = 1 and there is no such vertex u in G, then {wu} is not a maximal antidegree 
equitable set for any u € V(G) and hence ad.(G) > 2 which is a contradiction. The converse is 


obvious. 


(v) Suppose G is a non-trivial connected graph with ad.(G) = 1. Then there exists a vertex 
u € V such that |deg(u) — deg(v)| = 1, V v € V — {u}. Clearly, |deg(v) — deg(w)| = 0 or 2, 
Vu, w € V —{u}. Hence, AD.(G) = |V — {u}| = n — 1. It follows from Theorem 1.4 that 
(n — 1) is even and thus n is odd. 


Theorem 2.6 Let G be a non-trivial connected graph on n-vertices. Then 2 < AD.(G) <n 
and AD.(G) = 2 if, and only if, G = Ky or Py or P3 or L(H) or L?(H) where H is the 
caterpillar Ts with spine P = (v1v2). 


Proof By Theorem 2.5, for a non-trivial connected graph G on n-vertices, we have 2 < 
AD.(G) <n. Suppose AD,.(G) = 2. Then for each antidegree equitable set S in G, we have 
|S| <2. Let D(G) = {di, do,...,dx}, where d, < dz < dg < --- < dy. As there are at least 
two vertices with same degree, we have k < n— 1. Since AD.(G) = 2, more than two vertices 
cannot have the same degree. Let d; € D(G) be such that exactly two vertices of G have degree 
d;. Since the cardinality of each antidegree equitable set S cannot exceed two, it follows that 
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paca ,d;—3, d;—2, d;+2, d; +3, dj; +4, --+ do not belong to D(G). Thus D(G) e {d;—1, di, d;+1}. 


Case 1. If d; —1,d; +1 do not belong to D(G) then D(G) = {d;} and the degree sequence 
{d;,d;} is clearly graphical. Thus n = 2 and d; = 1 which implies G = Ko. 


Case 2. If d; —1,d; +1 € D(G), then the degree sequence {d; — 1, d;, d;, d; + 1} is graphical. 
Thus n = 4 and d; = 2 which implies G & L(A), where H is the caterpillar T; with spine 
P= (v1V2). 


Case 3. Ifd;—1 € D(G) and d;+1 does not belong to D(G), then d;—1 may or may not repeat 
twice in degree sequence. Thus degree sequence is given by {d;—1, d;, d;} or {d;—1, d;—1, d;, d;}. 
The first sequence is not graphical but the second sequence is graphical. Thus n = 4 and d; = 2 
which implies G & Py. 


Case 4. If d; — 1 does not belong to D(G) and d; +1 € D(G), then the degree sequence is 
given by {d;, d;,d; + 1} or {d;, di, d; + 1,d; +1}. Both sequences are graphical. In the first case 
n = 3, d; = 1 which implies G © P, and in the second case n = 4, d; = 1 or 2 which implies 
G & Ps or G& L?(H) respectively. 


The converse is obvious. 


Theorem 2.7 Ifa and b are positive integers with a < b, then there exists a connected simple 
graph G with ad.(G) =a and AD.(G) = b except when a= 1 andb=2m+1,meEN. 


Proof If a = b then for any regular graph of order a, we have ad.(G) = AD.(G) = a. 
If 6 = a+ 1, then for the complete bipartite graph G = kaa+1 we have ad.(G) = a and 
AD.(G) =a+1=b). Ifb >a+2,a> 2, and b > 4, then for the graph G consisting of the 
wheel W,_1 and the path P, = (v1v2v3...Uq) with an edge joining a pendant vertex of P, to 
the center of the wheel Wy_1, we have ad.(G) = a, AD-(G) = 6. Ifa =1andb=2m,meN, 
then the graph consisting of two cycles C;, and C;,+41 along with edges joining i'” vertex of Cm 
to i” vertex of C41, we have ad.(G) = 1=a and AD,(G) = 2m=b. 


Figure 1 
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For a = 2 and b = 4 we consider graph G in Figure 1, for which ad.(G) = 2 and AD.(G) = 
4. Also, it follows from Theorem 2.5 that there is no graph G with ad.(G) = 1 and AD.(G) = 
2m + 1. 


Theorem 2.8 Let G be a non-trivial connected graph on n vertices and let S* be a subset of V 


a 
such that |deg(u) — deg(v)| > 2 for allu,v € S*. Then 1 < |S*| < AS] +1 and also, if S* 


is a maximal subset of V such that |\deg(w) —deg(v)| > 2 for allu, v € S*, then S = U Sdeata) 


ve s* 
is a maximal antidegree equitable set in G, where Saegiv) = {u € V : deg(u) = deg(v)}. 


Proof For any two vertices u,v € S*, d(w) and d(v) cannot be two successive members of 
A= {6,6+1,6+4+2,...,6 +k =A} and D(G) c A. Hence 


Is*|< [Pia] 2 aS _ AS] aa 


Ifa,be S =U, 5+ Sadeg(v), then it is clear that either |deg(a)—deg(b)| = 0 or |deg(a)—deg(b)| = 
2 and hence S' is an antidegree equitable set. Suppose u € V — S. Then deg(u) 4 deg(v) for 
any v € S*. So, u do not belong to S* and hence |deg(u) — deg(v)| = 1 for all v € S. This 
implies that S$ is a maximal antidegree equitable set. 


Theorem 2.9 Given a positive integer k, there exists graphs G, and G2 such that ad-(G1) — 
ad.(G, — e) =k and ad. (G2 — e) — ad. (G2) = k. 


Proof Let Gy = Kyz42. Then ad.(Gi) = k +2 and ad.(G, — e) = 2, where e € E(G)). 
Hence ad.(G1) — ad.(G1 — e) = k. Let Gg be the graph obtained from C,41 by attaching one 
leaf e at (k + 1)'” vertex of Cy41. Then ade(Gz — e) — ade(G2) = k. 


Theorem 2.10 Given two positive integers n and k withk <n. Then there exists a graph G 
of order n with ade(G) =k. 


Proof If k < 4, then we take G' to be the graph obtained from the path P,, = (v1v2v3... vr) 
and the complete graph K,,_, by joining v; and a vertex of K,_, by an edge. Clearly, ad.(G) = 
k. If k => 4, then we take G to be the graph obtained from the cycle C, by attaching exactly 
one leaf at (n — k) vertices of Cy. Clearly, ade(G) = k. 


§3. Independent Antidegree Equitable Sets 


In this section, we introduce the concepts of independent antidegree equitable number and lower 
independent antidegree equitable number and establish important results on these parameters. 


Definition 3.1 The independent antidegree equitable number ADj-(G) = max{|S| : S Cc 


V,S isa maximal independent and antidegree equitable set in G}. 


Definition 3.2. The lower independent antidegree equitable number adie(G) = min{|S| : 
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S is a maximal independent and antidegree equitable set in G}. 


A few ADj- and adj. of graphs are listed in the following. 

(i) For the star graph Ky, we have, ADje(Ki,) =n and adje(Ki,n) = 1. 

(it) For the complete bipartite graph Km» we have ADj;e(Kmn) = max{m,n} and 
adie(Kmn) = min{m, n}. 

(iit) For any regular graph G we have, AD;.(G) = adie(G) = 3,(G). 


The following theorem shows that on removal of an edge in G, AD;-(G) can decrease by 
at most one and increase by at most 2. 


Theorem 3.3 Let G be a connected graph, e = uv € E(G). Then 
ADie(G) —1 < ADie(G cas e) < AD ie(G) + 2. 


Proof Let S be an independent antidegree equitable set in G with |S| = AD,-(G). After 
removing an edge e = uv from the graph G, we shall give an upper and a lower bound for 
ADie(G = e). 

Case 1. If u,v does not belong to S, then S is a maximal independent antidegree equitable 
set in G — e as well as in G. Hence, AD;.(G — e) = ADie(G). 
Case 2. If u€ S$ and v does not belong to S, then S — {u} is an independent antidegree 
equitable set in G—e. Hence, AD;.(G — e) > |S — {u}| = ADj-(G) — 1. Thus, AD;.(G) — 1 < 
ADie(G = e). 

Now, Let S be an independent antidegree equitable set in G — e with |.S| = AD;-(G — e). 


Case 3. Ifu,v € S, then S — {u,v} is an independent antidegree equitable set in G. Hence, 
by definition AD;.(G) > |S — {u, v}| = ADie(G — e) — 2. 

Case 4. If u€ S$ and v does not belong to S, then S — {u} is an independent antidegree 
equitable set in G. Hence, by definition AD;.(G) > |S — {u}| = AD;.(G — e) — 1. 


Case 5. If u, v do not belong to S, then S is an independent antidegree equitable set in G. 
Hence, by definition AD;-(G) > || = ADi-(G—e). It follows that AD;-(G) > ADie(G-e) —2. 
Hence, 


ADie(G) — 1 < ADie(G — e) < ADie(G) 4+ 2. 


Theorem 3.4 Let G be a connected graph. AD;e(G) = 1 if, and only if, G = K, or for any 
two non-adjacent vertices u,v € V, |deg(u) — deg(v)| = 1. 


Proof Suppose ADj.(G) = 1. 
Case 1. If G=K,,, then there is nothing to prove. 


Case 2. Let G #4 Ky, and u, v be any two non-adjacent vertices in G. Since AD;.(G) = 1, 
{u,v} is not an antidegree equitable set and hence |deg(u) — deg(v)| = 1. The converse is 
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obvious. 


Theorem 3.5 Let G be a connected graph. adie(G) = 1 if, and only if, either A = n—1 or 


for any two non-adjacent vertices u,v € V, |deg(w) — deg(v)| = 1. 


Proof Suppose ad;-(G) = 1, then for any two non-adjacent vertices u and v, {u,v} is not 


an antidegree equitable set. 
Case 1. If A=n-—1, then there is nothing to prove. 


Case 2. Let A < n—1, and u, v be any two non-adjacent vertices in G. Then {u,v} is not 
an antidegree equitable set and hence, |deg(u) — deg(v)| = 1. 


The converse is obvious. 


Remark 3.6 Theorems 3.4 and 3.5 are equivalent. 


§4. Degree Equitable and Antidegree Equitable Graphs 


After studying the basic properties of antidegree equitable and independent antidegree equitable 
sets in a graph, in this section we give some conditions for a graph to be degree equitable. 
We recall the definition of degree equitable graph given by A. Anitha, S. Arumugam, and E. 
Sampathkumar [1]. 


Definition 4.1 Let G = (V,E) be a graph. The degree equitable graph of G, denoted by G* 
is defined as follows:V(G4°) = V(G) and two vertices u and v are adjacent vertices in G4 if, 
and only if, |deg(u) — deg(v)| < 1. 


Example 4.2 For any regular graph G on n vertices, we have G¢ = Ky. 


Definition 4.3 A graph H is called degree equitable graph if there exists a graph G such that 
He Ge, 


Example 4.4 Any complete graph K,, is a degree equitable graph because K, = G% for any 


regular graph G on n-vertices. 


Theorem 4.5 Let G= (V,E) be any graph on n vertices with radius r > 3. Then 


(4) 1< Bo(G%) < Vn? — 4nr + 5n + 4r? — Gr. 
(ii) Bo(G4) < [452] +1, where A = A(G) and 5 = 4(G). 


Proof (i) Let A be an independent set of G4° such that |A| = (9(G%°). Then A is an 
antidegree equitable set in G and hence 


> degalv) = Di degav) =D) #-1= h(E"). 


vEV vEA l=1 
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By Theorem 1.17 it follows that 


—————e 


5 ) > Bo? (G%). 


Therefore, 


1 < 6o(G®) < Vn? — 4nr + 5n + 4r? — Gr. 
(ii) We know that every independent set A in G% is an antidegree equitable set in G and hence 
by Theorem 2.8, 


1 < [OS 4 


Therefore, 


Bo(G2") < | 


This completes the proof. 


Theorem 4.6 Let H be any degree equitable graph on n vertices and H = G% for some graph 


G. Then A(G) — 6(@) 
Fasc < [LO =8D 


where A is an independent set in G* such that |A| = Go(G%). 


Proof We know that if A is an independent set in H then it is an antidegree equitable set 
in G. Hence, 


Bo (H) 
S> degg(v) < > 20—1 = fo" (H). 
vEA l=1 
By Theorem 4.5 : 
F sect < ([22=#2) +1) 


Therefore, 


We introduce a new concept antidegree equitable graph and present some basic results. 


Definition 4.7 Let G = (V,E) be a graph. The antidegree equitable graph of G, denoted by 
G2? defined as follows: V(G*4°) = V(G) and two vertices u and v are adjacent in G**° if, and 


only if, |\deg(u) — deg(v)| 4 1. 


Example 4.8 For a complete bipartite graph Ky», we have 


Kan if |m — n| > 2,or = 0 
KyUK, if |m—n| =1. 


Gade = 
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Definition 4.9 A graph H is called an antidegree equitable graph if there exists a graph G such 
that H = Get. 


Example 4.10 Any complete graph K,, is an antidegree equitable graph because K, = G2 
for any regular graph G' on n-vertices. 


Theorem 4.11 Let G be any graph on n vertices. Then the number of edges in G2 is given 


by 
A-1 / A / 
n |S;| |S5 | Si | 
()- EG) Gr) eC) 
i=6 i=64+1 
where S; = {v| v € V degg(v) =i or i+ 1}, S;’ = {v| v € V degg(v) = i}, A = A(G) and 
§ =6(G). 


Proof By Theorem 1.16, we have the number of edges in G*“* with end vertices having 
the difference degree greater than two in G is 


ye eee) 


and also, the number of edges in G*“* with end vertices having the same degree is 
Ss 
=e 


Hence, the total number of edges in G?” is 


()-EG)E CEC 


i=6 i=64+1 i=6 
A-1 A 
_(n [Si| S5"| [Si"| 
J-EM-CIAL CY 
i= i=64+1 


Theorem 4.12 Let G be any graph on n vertices. Then 


(1) a(Ge%) < /n(n— 1); 


(47) a(G#) < [42] +1, where A = A(G) and 6 = 6(G). 


Proof Let A C V be the set of vertices that covers all edges of G2%. Then A is an 
antidegree equitable set in G. Hence, 


a(G2?) 
Ss dega(v) = S- 22-1= a? (Ged), 
ver f= 


Therefore, 
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a(G?®) < V/n(n — 1). 
Since, the set A is an antidegree equitable set in G, by Theorem 2.8, we have 


|A| < AS] +1. 


This implies 
A 
ale") < S| +1. 


References 


[1] A. Anitha, S. Arumugam and E. Sampathkumar, Degree equitable sets in a graph, Inter- 
national J. Math. Combin., 3 (2009), 32-47. 

[2] G. Chartrand and P. Zhang, Introduction to Graph Theory, 8th edition, Tata McGraw-Hill, 
2006. 

[3] F.Harary, Graph Theory, Addison-Wesley, Reading, MA, 1969. 


